FINITE GROUPS WITH PLANAR SUBGROUP LATTICES

JOSEPH P. BOHANON AND LES REID

ABSTRACT. It is natural to ask when a group has a planar Hasse lattice or
more generally when its subgroup graph is planar. In this paper, we completely
answer this question for finite groups. We analyze abelian groups, p-groups,
solvable groups, and nonsolvable groups in turn. We find seven infinite families
(four depending on two parameters, one on three, two on four), and three
“sporadic” groups. In particular, we show that no nonabelian group whose

order has three distinct prime factors can be planar.

1. INTRODUCTION

Dummit and Foote remark that “unlike virtually all groups” A4 has a planar
Hasse Lattice [6, p.110]. That is to say, the lattice of subgroups of a given group
can rarely be drawn without its edges crossing. Intrigued, the first author began
an investigation that led to a Master’s thesis written under the supervision of the
second author. Recently, others have also considered this problem [11, 14]. This
paper is a revised version of the first author’s thesis in which we will completely
classify those finite groups having planar lattices.

Before beginning, we need some definitions.

Definition 1.1. The subgroup graph of a group is the graph whose vertices are the
subgroups of the group and two vertices, H; and H,, are connected by an edge if
and only if H; < Hs and there is no subgroup K such that 1 S K < Hs.

Definition 1.2. We say that a group is planar if its subgroup graph is planar. We
say that a group is lattice-planar if its subgroup graph can be drawn in the plane
so that all the edges are straight lines, those lines only intersect at vertices, and if
H, < Hj, then the y-coordinate of Hy is less than that of Hs. (Starr and Turner

call this concept “upward planar”.)
Note that lattice-planar implies planar.

Example 1.3. Figure 1 shows that Z,,, is planar, but not lattice-planar.

Key words and phrases. graph, subgroup graph, planar, lattice-planar, nonabelian group.
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FIGURE 1. Zq, is Planar but not Lattice-Planar

To show that a group is planar or lattice-planar, we will explicitly exhibit an
embedding of its subgroup graph in the plane. To show that a group is not planar,
we will use three techniques. Kuratowski’s Theorem states that a graph is nonplanar
if and only if it contains a subgraph homeomorphic to K5 or K33 [9, p.103], so if
we explicitly exhibit such a subgraph we will have shown nonplanarity. If G has
a subgroup that is nonplanar, clearly G must be nonplanar. If we can find an
H < G such that G/H is nonplanar, then G must be nonplanar since it contains a
sublattice isomorphic to that of G/H.

Example 1.4. Figure 2 shows that Sy and As are nonplanar. We use Sx (resp.
Ax) to denote the symmetric group (resp. the alternating group) acting on the set
X. Note that here and in the future we will only include those edges that are part
of the subgraph homeomorphic to K3 3.
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FIGURE 2. K3 3’s in the Lattices of S4 and As

To show that a group is not lattice-planar we will invoke the following theorem
of Platt [8].

Theorem 1.5. A finite lattice is lattice-planar if and only if the graph obtained by

adding an edge from the minimal element to the mazximal element is planar.

Starr and Turner [11] and Bohanon [2] prove the following result for abelian

groups.
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Theorem 1.6. Up to isomorphism, the only planar abelian groups are the trivial
group, Lpe , Lipegs, Lpagr, and Ly« X Ly, where p, q, and v denote distinct primes.

The only one of these families that is not lattice-planar is Zpe gy -
The main result of our paper is the following theorem.

Theorem 1.7. Up to isomorphism, the only finite planar groups are the trivial
group and

1. Zpe, Lpogs, Lpagr, Lpa X Ly

2. Qg = (a,bla* = 1,0* = a®,bab~! = a™ 1)

3. Q16 = {(a,bla® =1,b%> = a*, bab~! = a™1)

4. QD1 = {(a,bla® = b? = 1,bab™! = a3)

5. Myo = (a,bla?" " =bP =1,bab~! = a?" 1)

6. Zy X Zpe = (a,bla? = b7 = 1,bab™* = a’, ord, (i) = p), when p | q—1

7. (Zy x Zp) X Ly = (a,b,cla? = b" = ¢? = 1,ab = ba,cac™ = a'b/,cbc™! =
akbt, where (]z %) is an element of order q in GLo(p)), when q | p+1,

where p,q, and r are distinct primes. The only ones of these that are not lattice-

planar are Zpegr and QDig.

Our approach will be to first investigate solvable groups. In this case, we will
find that we only need consider those groups of order p®, p®¢?, or p®¢®r”, which we
investigate in turn. We then consider nonsolvable groups. Using the classification

of minimal simple groups we show that there are no nonsolvable planar groups.

2. SOLVABLE GROUPS

Recall that a Hall subgroup is a subgroup whose index is relatively prime to its
order and that a Sylow basis for a group is a set of Sylow subgroups {P;}icr(c)
(where 7(G) denotes the set of primes dividing |G|) of G such that P;P; < G for
all 4,7 € m(G).

We have the following theorem.

Theorem 2.1. Every solvable group has a Sylow basis {P;}. For any I C 7(G),
HPi is a Hall subgroup of G. Moreover, any two Sylow bases are conjugate.
il

Proof. [10, p.229]. O

Proposition 2.2. There are no solvable planar groups whose orders have more

than three distinct prime factors.
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Proof. There is a Sylow basis containing four Sylow subgroups P, @), R, and S. The
sublattice whoses vertices are {1}, P, Q, R, S, PQ, PR, PS, QR, QS, RS, PQR,
PQS, PRS, QRS, and PQRS is homeomorphic to the lattice of Z,q.s, which is
nonplanar by Theorem 1.6. O

2.1. p-Groups. In this section, we will classify the planar and lattice-planar non-

abelian groups of order p®, where p is a prime.

Definition 2.3. Let a denote an integer, & > 3. The quaternionic group of order
2% is Qe = (a,b|a2071 = b = 1,02 " = b2, bab"! = a_l). The quasi-dihedral
group of order 2% is QDo = <a,b|a2a71 =02 =1,bab"t = a?®"" 2_1> The modular
group of order p®, p a prime, is Mpo = (a, bla?” == 1,bab’1 = a”a_2+1>.

Lemma 2.4. The modular group My« is lattice-planar.

Proof. If p* = 8, then Mg = Dy is lattice-planar by Figure 3 (its subgroup graph

is qualitatively different from those of the other modular groups).

Mg

FIGURE 3. Lattice of Mg

It is straightforward to show that Figure 4 gives the subgroup lattice for M,
p* # 8. (Note that this lattice is isomorphic to that of Zya-1 x Zj.) O

My
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FIGURE 4. Lattice of Mpa
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It is well known that every p-group G contains a central normal subgroup H of
order p. Since every quotient of a planar group must be planar, it is natural to ask
which nonabelian planar p-groups G have G/H isomorphic to the planar p-groups
Z

being cyclic would force G to be abelian. The following two lemmas are the key to

po—1 X Ly or Mpa. Note that Zye cannot occur as such a quotient since G/H

our classification of nonabelian planar and lattice-planar p-groups.

Lemma 2.5. If G is nonabelian, |G| = p*, a > 3, H is a central subgroup of order
p, and G/H = Zpa—2 X Ly, then G is planar if and only if G = Mye or Qg. These

groups are all lattice-planar.

Proof. If @« = 3 and p = 2, the only nonabelian groups are (up to isomorphism) the

(lattice-planar) modular group and Qg which is lattice-planar by Figure 5.

Qs
RN
(@) () (ab)
N S
(a®)
|
{1}

FicURE 5. Lattice of Qg

If & = 3 and p is odd, there are (up to isomorphism) two nonabelian groups
of order p®. They are the (lattice-planar) modular group and (Z, x Z,) X Z, =
{a,b,cla? = bP = c? = 1,ba = ab,ca = ac,cbc™! = ab) [3, p.145]. Figure 6 shows

that the second group is not planar.

FIGURE 6. K33 in the Lattice of (Z, x Zy) x Z,

Let H = (¢) with ¢ = 1. By our assumption on G/H, we may choose a,b € G
such that a?” "~ = ¢, b = ¢ and bab~! = ack, with i,j,k € {0,1,...,p—1}.

If i # 0, then a has order p®~!. According to Burnside, the only nonabelian
group of order p®, p odd, with a cyclic subgroup of order p®~! is Mp[3, pp.134-

135]. The only nonabelian groups of order 2¢ that have a cyclic subgroup of order
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2971 are Dga, QDga, Maa and Qza [3, p.135]. But if G = Daa, QDaa or Qaa, G
contains a unique central subgroup H of order p and in each case G/H = Dga-1,
which contradicts the fact that G/H is abelian.

Now suppose ¢ = 0. Note that in all cases aP is central, since ¢ is central and
baPb~1 = (bab~1)P = (ack)P = aPck? = aP. Table 1 gives a list of cases and the
corresponding subgroup or subgraph that proves nonplanarity. Note that when

j#0and k=0, G is abelian, so we need not consider this case.

case nonplanar subgroup or subgraph
j=0 (aP,b,c) 2 Z
J#0,k#0,a>4| (aP,b) 2 Z
Jj#0,k#0,a=4| Figure 7
TABLE 1

po—3 X Lap X Ly,

a—3 X sz

p

The case j # 0,k # 0, o« = 4 requires a bit of explanation. Taking ¢ = j~!

mod p
and m = (k)= mod p, and letting x = b* and y = a~™, we have ¢ = xP and our
group is A = (z,yla?” = y?* = 1,yzy~! = 2P*1). Figure 7 shows a K33 in the
subgroup lattice of this group. The lattices for the case p = 2 and p an odd prime
are slightly different since (zy)? = y? in the first case, but (zy)? = 2Py in the

second case.

s A
(@®y)  (zy®) (2%, zy) (P y)  (z,y") (2P, 2y)
s /// [ [ [
(y) (@ v (o) (zy) (y) (a®y") (x) (zy)
AN \ \
W) /m/ W @) ()
\ | \ | /
{1} {1}
p=2 p odd

FIGURE 7. K33 in the Lattice of Group A

O

Lemma 2.6. If G is nonabelian, |G| = p*, a > 4, H is a central subgroup of order
p, and G/H = M1, then G is planar if and only if G = Q16 or QD1s. Q16 is
lattice-planar, but QD¢ is not.

Proof. Analogously to the previous lemma, we have H = (¢) with ¢ = 1 and
a,b € G such that a?* = = ¢, ¥ = ¢ and bab~! = a?" “*lck, with i,5,k €
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{0,1,...,p—1}. If ¢ # 0, as in the previous lemma the only possibilities for G are
Mpo, Daa, Qoa, or QDsa. Since Mpo/H is abelian, this case cannot occur. For
the remaining three types, G/H = Dya-1 which is not isomorphic to Mya—1 unless
a=4.

We have Dig = (a,bla® = b? = 1,bab~! = a”) and Figure 8 gives a sublattice
homeomorphic to K3 3. Figure 9 shows that @16 is lattice planar. An exercise in
Dummit and Foote [6, p.72] produces a lattice for QDs¢ that is planar if we re-
position the edge from (a*) to (a*, a®b) as shown in Figure 10. To show that QD
is not lattice-planar we will invoke Platt’s Theorem. We add an additional edge

from {1} to QD16 and exhibit a subgraph homeomorphic to K3 3 in Figure 11.

(a®b) (b) (a?) (ab) (a®b)
TN L
(a*)
|
{1}

FiGURE 9. Lattice of Q16

Now suppose that i = 0. Note that regardless of the values of i,j and k, a is
central. Table 2 gives a description of the nonplanar subgroup or subgraph in each
case.

If j 20,k =0 and a = 4, G is clearly isomorphic to Group A of Lemma 2.6. If
j#0,k# 0,0 =4, and p is odd, then taking ¢ = j~! mod p, m = (kf)~! mod p,

T = azbklz, and y = a~™ shows (with a bit of calculation) that G is isomorphic to
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{1}

F1GURE 10. Re-Arranged Lattice of QD1g

QD16
~__
(a?,b) (a?, ab)

]

(a*, a®b) (a’b)

—
\

{1}

FIGURE 11. K33 Showing ()D;¢ is not Lattice-Planar

case nonplanar subgroup or subgraph
j=0 (aP,b,c) = Lpa-s X Ly X Ly
j#0,a>4 (aP,b) = Zyo-s X Ly
j#0,k=0,a=4 Figure 7
J#O0k#0,a=4,p=2 | (a® b ab) = Zy x Ly x Ly
j#0,k#0,a=4,podd | Figure 7

TABLE 2

Group A. The fact that (a®b!)PHt = a®PTDsp(P+1?t is key to this calculation, but
this only holds for p odd. (I

Theorem 2.7. Up to isomorphism, the only nonabelian planar p-groups are are
Mye, Qs, Qi6, and QD1s. The only one of these that is not lattice-planar is QD1s.

Proof. Let |G| = p® and let H be a central subgroup of order p, generated by c.
We will induct on «. As noted earlier G/H must be planar and cannot be cyclic

(since G is nonabelian).
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If a = 3, this means that G/H = Z, x Z,, hence G = Mg or (Js by Lemma
2.5. If a = 4, then G/H = Z,> X Z,, My, or Qg. In the first two cases, Lemma
2.5 and Lemma 2.6 force G = Mps,Q16, or QD16. We claim there is no planar
group G such that G/H = Qg. There are a,b € G such that a* = ¢, b? = a%¢/,
and bab~! = a~1c¥, with 4,5,k = 0 or 1. If i = 1, then by [3, pp.134-135] the only
candidates for G are Mg, D1g, Q16, or QD14, but as we saw in the proof of Lemma
2.5, H is uniquely determined in each case and G/H is abelian when G = Mg and
dihedral in the other cases. If i = j = k = 0, then G/(a®) = Zy x Zy X Za, which
is nonplanar. If ¢ = 0 and at least one of j or k is nonzero, then G = Zy x Z4 =
(r,yla* = y* = 1,yzy~ = 1) (Table 3 gives the appropriate choices for x and y

in each case). Figure 12 shows that this group is not planar.

case choices for x and y
7=0k=1|x=abjy=5>
j=1Lk=0|xz=a,y=0

j=Lk=1|x=by=a
TABLE 3

G

TN

(a?,b) (a,b?) (a?, ab)

P
) @) (a)  (ab)
AN
%) (a?)
1

~

(
{1}

FIGURE 12. K33 in the Lattice of Zy x Z4

If & = 5, then the only new candidates for planar groups would have G/H = Q15
or QD1g. Each of these has a subgroup isomorphic to Qg ((a?,b) in the first case
and (a?, ab) in the second), so G would contain a subgroup K such that K/H = Qg,
but such a K must be nonplanar by our arguments when o = 4.

Finally, if o > 5, then G/H = Z,
Zipo—1 X Ly o Mpa by Lemmas 2.5 and 2.6.

Il

a2 X Zp or Mpya—1 by induction and G
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2.2. Groups of Order p®¢”®. We need some standard notation and a definition.

Notation 2.8. We will denote the order of an element x € Z,, by ord, (z). We will
let n,(G) denote the number of Sylow p-subgroups in G; if there is no possibility

of ambiguity we will simply write n,.

Definition 2.9. Given a group G and Hi, Hs, H3, K < G, we say that K is
trivalent with respect to Hy, Hy and Hjz if in the subgroup graph of G there are
chains of edges from K to each of the H; such that the chains only intersect at K.

Before we look at any specific examples, we state two lemmas and a proposition

regarding groups of order p®¢”.

Lemma 2.10. If G is a group and Hi, Hy, H3 < G such that H; £ H; for i # j,
there is a subgroup of H1 and a supergroup of Hy that are each trivalent with respect

to the H;.

Proof. We will denote the subgroup we seek by D. If Hy N Hy ¢ Hy; N Hs, let
D = Hy N Hy and our chains are D — Hy, D — Hy, D — Hy N Hy N H3 — Hs. If
HiNHy; C H NHs, let D= H;NH3 and our chains are D — Hi N HyNHs — Hq,
D — H,y, and D — Hjs. Repeating the proof with (X,Y) replacing X NY and

reversing the inclusions produces the supergroup. (I

Proposition 2.11. Let G be a group of order p*¢®, o > 2. If np, > 1, G has
a normal subgroup K of index p, and the intersections of three of the Sylow p-

subgroups of G with K are distinct, then G is nonplanar.

Proof. Let our three Sylow p-subgroups be P;, P, and P3. By Lemma 2.10 we can
find a subgroup of P N K that is trivalent with respect to P, N K, P, N K, and
P; N K (since groups of this form have the same order and are distinct, by our
hypothesis, we cannot have any containment relationships). By Lemma 2.10, we
can find a supergroup of P; that that is trivalent with respect to P;, P, and P;3
(and consequently with respect to P, N K, P, N K and P3N K). Moreover P N K,
P, N K and P; N K also connect to K (or equivalently, to a subgroup of K). Note
that our common supergroup cannot be K because K has order p®~'¢? and P; has

order p®. This provides a homeomorphic copy of K3 3 and completes the proof. [

We will begin our investigation with groups of order p®q, then p?¢?, and finally
p*q® with o, 3 > 2.
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2.2.1. Groups of order p™q.

Lemma 2.12. The semi-direct product Z, Xy Zpe = {(a,bla? = b = 1,bab~! =
a',ordy(i) = p'), where p' | ¢ — 1, is lattice-planar if t = 0 or 1 and nonplanar if
t > 1. Bvery semi-direct product Zgq X Zy~ is of one of these types. Note that in the

future, when t = 1 we will suppress the subscript.

Proof. When t = 0, we have the direct product which is planar by Theorem 1.6. It
is straightforward to show that Figure 13 gives the subgroup lattice when ¢ = 1.

{1}

FIGURE 13. Lattice of Zg X Zpo

When t > 1, applying Proposition 2.11 with P; = (b), P, = (ab), P3 = (a?b), and

K = (a,bP) < G shows that we have a nonplanar group in this case. O

Proposition 2.13. Up to isomorphism, the only nonabelian planar groups of order
p?q are the semi-direct product Zq x L, described in Lemma 2.12 (whenp | q—1)

and
(Zy % Zp) % Ly = (a,b,cla? =P = c? = 1,ab = ba,cac™' = a't?, cbc™! = a*b")

where (}.7) is an element of order q in GLa(p) (when q | p+1).

All of these groups are lattice-planar.

Proof. Burnside provides a classification of groups of order p?q [3, pp.76-80]. First
we deal with the case when p < q.

Case la, pt ¢ — 1: Sylow’s Theorem shows that there are no nonabelian groups
in this case.

Case 1b, p | ¢ — 1, but p? f ¢ — 1: In this case we have two nonabelian groups.
The first is Zy % Zy2 which is lattice-planar by Lemma 2.12. We refer to this group
as Group 1 of order p?q.
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The second group in this case is (a, b, cla? = P = c?,bab~! = a’,ca = ac,chb =
be,ord, (i) = p). We refer to this group as Group 2 of order p?q. The conditions
of Proposition 2.11 are satisfied with P, = (b,c), P» = (ab,c), P3 = (a®b,c) and
K = (a,b) <G, so it is nonplanar.

Case 1c, p? | ¢ — 1: We automatically get both groups from Case 1b. We also
get Zg X2 Zy~, which is nonplanar by Proposition 2.12. We refer to this group as
Group 3 of order p?q.

Now consider when p > gq. We cannot apply Proposition 2.11, since there is a
unique Sylow p-subgroup in this case.

Case 2a, ¢ {p? — 1: In this case there are no nonabelian groups.

Case 2b, ¢ | p— 1: First, we get (a,b|0cp2 =b?=1,bab~! = a’,ord,2 (i) = ¢q). We
refer to this group as Group 4 of order p?q. This is nonplanar by Figure 14.

N

(a®, b) (a®, ab) (a?, ab)
\
(@) = (a"b)  (aP"'b)  (a"*?D)

~
{1}

N\

FIGURE 14. K33 in the Lattice of Group 4 of Order p?q

Next we have (a, b, cla? = bP = c¢? = 1,cac™! = a’,cbe™! = bit, ab = ba,ord, (i) =
q). There are (¢ + 3)/2 isomorphism types in this family (one for ¢ = 0 and one
for each pair {z,z~'} in F). We will refer to all of these groups as Group 5(t) of
order p?q. Figure 15 shows a subgraph homeomorphic to K33. When ¢ # 0 or 1,
neither A nor B are present. When ¢ = 0, A is absent and B = (ac). When ¢t = 1,
A = {(ab,c) and B is absent.

Case 2¢, ¢ | p+ 1: The only nonabelian group here is {a,b,cla? = P = ¢? =
1,ba = ab,cac™t = a'b/,cbc™t = a*b*) where (;%) has order ¢ in GLy(p). We
refer to this group as Group 6 of order p?q. This group is lattice-planar by Figure
16Zpe X Zgs .

It should be noted that when (p,q) = (2,3), cases 1 and 2 are not mutually
exclusive. There are three nonabelian groups of order 12 up to isomorphism: T =
Zs3 x Zy (Group 1, lattice-planar), D1 (Group 2, nonplanar), and A, (Group 6,
lattice-planar). O
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//\

(abc a,c) (a, b) (b, c)

! x M
\{1}/

FIGURE 15. K33 in the Lattices of Groups 5(t) of Order p?q

(ac)

FIGURE 16. Lattice of (Z, x Zy,) x Z,

(Zp X Zp)

(a,b)

/A
\/\

ab?™t) (a®b¥c)

{1}

Proposition 2.14. The only planar groups of the form Zye X Zys, a > 1,8 > 0,

are the cyclic groups.

Proof. Let G be a planar group of the form Zpy« x Z,s. We have a presentation
for G of the form G = (a,bla?” = b7’ = 1,bab~! = a?), where i¢° = 1 mod p°.
We will induct on a + 8 beginning with « + § = 3, where the result follows by
Proposition 2.13. Suppose that o + § > 3. We must have a > 2 or g > 1. If
a > 2, then (aP,b) = Zja—1 X Zys with o —1 > 1. By induction this subgroup
must be cyclic, so a? = baPb~! = @ which implies that ¢+ = 1 mod p®~1, i.e.
i =1+ kp* 1. Now (a,b?) is also cyclic (by induction if 3 > 1, by inspection
if 3 = 1). Therefore a = blab~9 = a™, so i = 1 mod p®. But this yields (1 +
kp®=1)4 =1 + gkp®~! = 1 mod p* which forces p | k and i = 1 mod p® and our
original group is abelian. If 5 > 1, then (a, bqﬁfl) is cyclic by induction (we need
(8 > 1 for this to be a proper subgroup). The subgroup H = <bqﬁ_1> is normal and
G/H = (a,bla?” = b’ = 1,bab~! = a’). But this group must also be cyclic by

induction, hence ¢ = 1 and therefore G is cyclic as well. O

Proposition 2.15. Up to isomorphism, the only planar groups of order p®q with

o >3 are Lpag and Zg X Ly and these are all lattice-planar.

Proof. Let P denote a Sylow p-subgroup and @ a Sylow g-subgroup.
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We will induct on . Consider the case when o = 3. If p > ¢, then n, = 1 by
Sylow’s Theorem and our group G = P x Z,. Since P must be planar, we must
have P = Z,s, Zp> X Ly, M3, or Qg. If P = Z,s, we are done by Proposition 2.15.
If P~ Zy X Z, or Mys, a and b are generators of P (a of order p?, b of order p),
and c is a generator for Z,, then we have cac™t = @' and hence caPc™! = aP?.
Both Z,2 x Z;, and M,s have the characteristic subgroup P’ = (a?,b) = Zy, x Z,,. In
order for P’ x @ to be planar, it must be isomorphic to Group 6 of order p?q, but
in this case the matrix appearing in the definition of Group 6 has the form (} 9).
This matrix has eigenvalues in the field IF, and hence cannot have order dividing
p+ 1 as required. Our last subcase is P = Qg. It is well known that Aut(Qg) = S4.
If ¢ > 3, ¢ 124 and our semi-direct product must be the direct product Qg x Z,
which has the nonplanar group Zg x Zs X Z4 as a quotient. If ¢ = 3, the only
non-trivial semidirect product up to isomorphism is Qg x Zs = (a,b,cla* = b* =
3 =1,a> =% bab~! = a= ', cac™t = b,cbc™! = ab) [3, p.159]. The figure below

shows that this group is nonplanar.

~ 7
{1}

FIGURE 17. K33 in the Lattice of Qg % Z3

Consider the case when p < ¢ and (p,q) # (2,3). We cannot have n, = p. If
ng = p?, then ¢ | (p+ 1)(p — 1) which implies that ¢ | p+ 1 or ¢ | p — 1, but this is
impossible since ¢ > p > 2. If n, = p?, then there are p3(q — 1) elements of order
q. But this only leaves p®>q — p3(q — 1) = p? elements and our Sylow p-subgroup
must be normal, a case we have already considered. Therefore, the only remaining
possibility is that we have a semi-direct product isomorphic to Z, x P, where
P = Zys, Zy> X L, Mps, or Qg. If P = Zys the only nonabelian planar possibility
is the one claimed (by Lemma 2.12). If P = Z,2> x Z,, or M,ys, each has a subgroup
isomorphic to Z, x Z, which is nonplanar by Proposition 2.13. If P = Qg and the
semi-direct product is a direct product, n, = 1 and we have already dealt with this
case. According to [13, p. 257], up to isomorphism the only non-trivial semi-direct
product is (a,b,cla? = b* = c* = 1,02 = 2, beb™! = ¢ 1, ba = ab,cac™t = a~ ). In

this case b? is central and G/(b?) is the nonplanar Group 2 of order p?q.
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Finally, when (p,q) = (2,3) Burnside [3, p.160] states that the only group of
order 24 that is not a semi-direct product is Sy which is nonplanar by Example 1.4.
This completes the case when o = 3.

When o > 3 and n, = 1 our group is isomorphic to P x Z, with P planar.
If P = Zyo, we are done by Proposition 2.14. If P = Z,a—1 X Zy, or Mpa, P =
Z

also deal with the case when p = 2 and « = 4 separately, since P = Q15 or QD14

po—2 X Ly is characteristic in P and P’ x Z, is nonplanar by induction. We must
are also possible. But in both cases, (a*) is characteristic and modding out by it
gives Qg X Zg or Dg X Zg which yields no planar groups.

When « > 3 and n,(G) # 1, we know that there must be a normal subgroup
K <G of index p, since all groups of order p®¢” are solvable [3, p.323]. If n,(K) #
1 we have at least three distinct Sylow p-subgroups of K, which must each lie
in distinct Sylow p-subgroups P, Py, P3 of G. Applying Proposition 2.11, G is
nonplanar. If n,(K) = 1, then K = P’ x Z4, which must be cyclic by induction.
Since the intersection of any Sylow g-subgroup of G with K is a Sylow g-subgroup of
K [6, p.147, ex. 34] and all of these g-subgroups have order g, this forces n,(G) = 1.
Therefore G = Zg x P. If P = Zpa, we are done by Lemma 2.12. If P = Z,,a—1 X Zy,
or Mpya, then Z, x Z,, < P and we are done by Proposition 2.13. It remains to deal
with the case p = 2 and a = 4, when P = Q14 or QD14 are possibilities. The fact
that Zs x Zo < QD16 and Qg < @16 reduces these to previously studied nonplanar

cases. O
2.2.2. Groups of Order p*q?.
Proposition 2.16. The only planar groups of order p>q® are the cyclic groups.

Proof. As usual, P and @ will denote a Sylow p-subgroup and g-subgroups respec-
tively. We may assume without loss of generality that p > ¢q. By Sylow’s Theorem,
np =1,q, or ¢. We cannot have n, = ¢ since p > ¢. If n, = ¢*, then

p | (g+1)(¢—1) which implies that p | ¢g+1. This is impossible unless (p, ¢) = (3,2),
a case we will address shortly. Except possibly for this case, we therefore have
G=2PxQ. If G=Zy X Zg, we are done by Proposition 2.14.

If G = Zy2 % (Zg X Zq), the subgroups Zy2 x (Zgq x {0}) and Zy2 x ({0} x Zqg)
must be cyclic, but this forces G = Zy2 x (Z4 x Z4) which is nonplanar by Theorem
1.6.

If G = (Zy x Zp) X Ly, then G = (a,b, cla? = bP = ¢” = 1,ab = ba,cac™t =
a't’/,cbe™! = a*b’), where M = (}}) has order dividing ¢* in GLy(p). The
subgroup (a,b,c?) must be planar and hence must be isomorphic to Group 6 of

order p?q. The matrix associated to that group is M7 which must have order g,
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hence M has order ¢>. Any element of the form a’t/c* has order ¢®> when ¢ 1 k.

This gives us the following nonplanar sublattice.

G
TN
(a,b,c) __ {ac) (be) (abe)

N |
((ac)?)  ((be)?) ~ ((abe)?)

o~ 7
{1

FIGURE 18. K33 in a Group of Order p?q?

If G=(Zy, xZp) ¥ (Zg % Zg), it contains the nonplanar group (Z, x Z,) X Zq as
a subgroup, regardless of the automorphism used to define the semidirect product
[7].

Finally, we must deal with the case when (p, ¢) = (3,2) and n, # 1. A standard
argument, e.g. [7, p.176], shows that in that case there is a surjective homomor-
phism from G to A4. Let H be the inverse image of Zy x Zo < A4. Now H is planar,
it has order 12 and a normal subgroup K of order 3 such that H/K 2 Zg X Zs.
The only planar groups of order 12 are Zis, Ag, and T = Z3 x Z4. But Ay has
no normal subgroups of order 3 and the quotient of A4 or T' by its unique normal

subgroup of order 3 is Z4, not Zy X Zs. O
2.2.3. Groups Of Order p*q®, o, 3 > 2.

Proposition 2.17. The only planar groups of order p®q°, o, 8 > 2, are the cyclic

groups.

Proof. Let G denote our group of order p®¢”. We will induct on o + 3 beginning
with a+ 3 = 4, where the result holds by Proposition 2.16. Now suppose a+ 3 > 4.
Since G is solvable, it must contain a normal subgroup H of prime index, without
loss of generality, say ¢q. As usual, P will denote a Sylow p-subgroup and @ a Sylow
g-subgroup.

If B > 2, then H must be cyclic by induction. Since the intersection of a Sylow
p-subgroup of G with H yields a Sylow p-subgroup of H, the Sylow p-subgroups of
G and of H have order p®, and n,(H) = 1, we must have n,(G) = 1. Therefore
G = P x Q with P cyclic. There is a characteristic subgroup P’ < P of index p
and K = P’ xQ < P xQ,so K is planar. If « > 2, K is cyclic by induction and
if @ = 2, K is cyclic or isomorphic to Z, x Z,s by Proposition 2.15. In either case,

@ must be cyclic, and hence G = P x Q must be cyclic by Proposition 2.14.
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If 3 = 2, then H is cyclic, and we may proceed as above, or H = Zy X Zpe by
Proposition 2.14. In this case, Z, is characteristic in H, hence normal in G. We
have two subcases to consider. If n,(G) # 1, let L = G/Z,. We have |L| = p®q and
nq(L) # 1 since Zg4 lies in all of the Sylow g-subgroups of G, but no planar groups
of this order have n, # 1. If ny(G) = 1, then G = @Q x P. If Q is cyclic, we use
the arguments in the previous paragraph. If @ is not cyclic, we use the fact that P
contains a subgroup P’ of order p? and invoke Proposition 2.16 to show that Q x P’

is not planar. O
2.3. Groups of order p®¢°r7.

Proposition 2.18. The only solvable planar groups of order p®q¢°r" are the cyclic

ones (those in which two of the exponents are 1).

Proof. Let G be our group. If n, = ny = n, = 1, G is the direct product of its
Sylow subgroups. Since P x @, P x R and @ x R must be planar, by our work on
groups of order p®¢®, the Sylow subgroups must be cyclic. Therefore, G is cyclic.
We know this group is only planar when two of the exponents are 1 by Theorem
1.6.

Without loss of generality, suppose n, # 1. Let P, @ and R form a Sylow basis
for G, and let P’ be a Sylow subgroup distinct from P. Since P and P’ are distinct
and PQNPR = P, we cannot have P’ < PQN PR. This implies that there cannot
be exactly one Hall subgroup of order p®¢® and exactly one of order p®r?. Assume
that PQ # P'Q’ are Hall subgroups of order p®¢®. The edges from P to PQ and
from P’ to P'Q)’ may or may not cross. If they do not, Figure 19 shows a K33 in
the subgroup graph. Note that (PQ, P'Q’") might be G and PN P’ might be trivial,
but this does not affect the nonplanarity.

G
/
(PQ,P'Q")
]
P'Q PQ PR QR
| | > X
P’ P Q R
~ |
PNP
™~
{1}

FIGURE 19. K33 for One Case in Proposition 2.18
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If the edges do cross, we repeat the the construction above with the roles of )
and R reversed. This is only a problem if the edges from P to PR and from P’ to
P'R’ also cross. But in that case, P’ < PQ N PR, which we’ve seen is impossible.

O

This completes the classification of planar finite solvable groups.

3. NONSOLVABLE GROUPS

Recall that a minimal simple group is a nonabelian simple group all of whose
proper subgroups are solvable.

Since any nonsolvable group has a simple group as a subquotient and every
simple group has a minimal simple group as a subquotient, if we can show that
the minimal simple groups are nonplanar, we will have shown that the nonsolvable
groups are nonplanar. The classification of minimal simple groups, which preceded

the full classification of simple groups historically, will be given below.

Definition 3.1. Recall that SL,,(n) is the group of m x m matrices having deter-
minant 1 whose entries lie in a field with n elements and that L,,(n) = SL,,(n)/H
where H = {kI|k™ = 1}.

Theorem 3.2. A finite group is a minimal simple group if and only if it is iso-
morphic to one of the following:

1. Ls(2P) (p any prime)

2. Ly(3P) (p an odd prime)

3. Ls(3)

4. La(p) where p?> = —1 mod 5 and p > 3,
5. 82(29) with ¢ > 3 and odd.

Proof. [12, p.388]. All we need to know about Sz(29), known as Suzuki groups,
will be quoted below. O

Lemma 3.3. The dihedral groups Dy, are nonplanar for n > 2.

Proof. If p is a prime that divides n, (a®"/P b) = Dyy,. This was shown to be

nonplanar in Proposition 2.16 where it was Group 4 of order 4p . O
Theorem 3.4. There are no nonsolvable planar groups.

Proof. As noted above, it will suffice to show that the minimal simple groups are
nonplanar. We will denote the image of a matrix A in L,,(n) by A.

Ly(gP) : We take care of the first two families on our list. For p = 2, the only
candidate is ¢ = 4. Note first that Lo(4) = As [1] which is nonplanar by Example
1.4.
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For p > 2, we have that La(¢P) contains a nonplanar subgroup isomorphic to

(Zq)P, namely the subgroup of matrices of the form (§¢) with a € Fgp.

L3(3) : In SL3(3) the only matrix in the subgroup H is the identity matrix, so
L3(3) = SL3(3). Consider the subgroup consisting of matrices of the form (é g 51;)
with a,b,¢ € F3. This subgroup is isomorphic to the group (Z, x Z,) x Z, with
p = 3 which is nonplanar by Lemma 2.5 (Figure y).

L2 (p) : Note that here H = {£I}. We must deal with two cases.

Case 1: p =1 mod 4: We will show that Lo(p) contains a subgroup isomorphic
to Dp_1. Let x € Z, be a primitive root and y € Z, an element such that y? =
—1 mod p (which exists since p = 1 mod4). Let a = 271 (2 + 27 ') mod p and
b=(2y) @z —z ) modp, R=(%%), and S = (} Py) It is straightforward to
verify that R, S € SLa(p) and that (R, S) = (r,s|r(P~1/2 = 52 =1, srs~! = r~1)
D,_1, which is nonplanar by Lemma 3.3 when p > 5. When p =5, Lo(5) = As [1]

which is nonplanar by Example 1.4.

Il

Case 2: p = 3 mod 4: We will show that La(p) contains a subgroup isomorphic
to Dpy1. Since p = 3mod 4, 2% + 1 is irreducible over F, and we can identify
the field Fp2 with Fp[z]/(2? 4+ 1). The multiplicative group of this field is cyclic of
order p? — 1, so there must be an element, y = a + bz, of order p+ 1 in this group.
Let R = (% "%). There are elements s,t € F, such that s> 4+ t* = —1 mod p [4,
p1]. Let S = (§ *,). It may be verified that R, S € SLy(p) and that (R, S) =
(r,slr®PT1/2 = §2 = 1 srs~! = r~1) = D,y which is nonplanar when p > 7. For
p =17, S4 is a maximal subgroup of Ly(7) [1] so it is nonplanar by Exampple 1.4.

S2z(27) : The Suzuki group, Sz(27), contains a subgroup isomorphic to (Z2)? [5,
p.466]. Since ¢ > 3 this subgroup is a nonplanar by Theorem 1.6.

O

4. CONCLUSION

Putting the results of the previous sections together we obtain our main theorem.
In [11], Starr and Turner also classify the infinite abelian planar and lattice-
planar groups. We know of no examples of infinite nonabelian planar groups. The
question of their existence or non-existence and the study of other graph-theoretical

properties of the subgroup graph will be the subject of future work.
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